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Two- and three-dimensional (3D) adaptive phase field simulations of dendritic crystal growth in a forced
flow are presented. The simulations are based on an adaptive finite volume mesh for a better resolution
on the dendrite morphology. It also allows the simulation in a large domain without much additional
computing cost, so that the boundary effect can be neglected for the comparison with classic solutions.

With the efficient simulations, the effect of forced convection on the growth behavior at high undercool-
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ing is discussed, and the results agree well with Oseen-Ivantsov solution and the reported results. For the
case of low undercooling, the simulated tip radius and speed are also consistent with the experimental
ones. As compared with 2D morphologies, side branches are easily induced in 3D dendrites, and the dra-
matic difference can be explained through the simulated flow structures and temperature fields. The
effect of the flow on the side branching for different undercoolings is also illustrated.

© 2009 Published by Elsevier Ltd.

1. Introduction

The development of microstructures and its underlying mecha-
nisms are important in solidification processing and materials sci-
ence. For a nucleus in a supercooled melt, as the thermodynamic
driving force overcomes the kinetic barrier, it starts growth and
the morphology develops. Without the kinetic effect and interfacial
energy, the solidification defines the well-known Stefan problem, a
diffusive energy balance at the bulk melt and the interface. The
first theoretical solution about this solidification problem was gi-
ven by Ivantsov in 1947 [1]. By ignoring the kinetic effect and
interfacial energy, he obtained a prefect parabolic dendrite shape,
and the product of the tip radius R and speed V, is a function of
the dimensionless supercooling A4; 4 = Cy(T;,, — T.,)/AH, where Cp
is the specific heat, T, is the initial temperature of undercooled li-
quid, T,, the melting temperature, and AH the heat of fusion. How-
ever, the single equation does not uniquely define a dendrite
growth in a given supercooling. With the development of micro-
scopic solvability theory [2-3], the growth operation state of a den-
drite can be further defined by the selection parameter ¢; g = 20do/
V,R?, where o is the thermal diffusivity and d, the capillary length.
The selection parameter ¢ is only affected by the anisotropic
strength ¢, which is a material property. Also, the anisotropic
strength ¢ plays a critical role in the selection. Without it, the den-
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drite cannot be selected and grown. The extension of the micro-
scopic solvability theory from diffusive to convective growth was
given by Bouissou and Pelce [4]. They applied Oseen flow to devel-
op a relation between tip growth speed and the flow strength, the
so-called Oseen-Ivantsov solution, but it is 2D. Therefore, the clas-
sic solutions give only the growth operation state of a dendrite. The
details of the morphological development of a dendrite growth re-
quire a complete time-dependent numerical solution of the Stefan
problem coupled with fluid flow and heat transfer. This is extre-
mely challenging especially for 3D simulation using a front track-
ing method, because of the complex dendrite morphology and
the different length and time scales for the interface, heat, and
momentum transports.

In recent years, the phase-field model has emerged as a power-
ful tool for the simulation of solidification with complicated mor-
phologies. In contrast to the front tracking method, the phase
field model introduces a continuous phase-field variable ¢ to de-
scribe the interface through a rapid transition function. Neverthe-
less, the diffusive interface approach does not warrant a proper
approximation for the Stefan problem with a shape interface un-
less the interface diffusion length & is near the capillary one do.
The thin and semi-sharp interface models developed by Karma
et al. [5-8] and Amberg [9] greatly relax the requirement of the dif-
fusive interface thickness, where the interface thickness is allowed
be about one tenth of the tip radius. Even so, the simulation of a
complex dendrite with a reasonable resolution, while covering
the length scales of flow and heat transfer, is still not feasible by
using a uniform mesh. Especially, for low supercooling, the
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Nomenclature

G specific heat

D" dimensionless thermal diffusivity

do capillary length

Ex unit vector in the x-direction

é: unit vector shown in Fig. 1(b)

AH heat of fusion

mé interfacial stress

n unit normal vector

Ny number of faces

P+ dimensionless pressure

P, growth Peclet number from classic solution
Pe growth Peclet number from simulation
Pr flow Peclet number

Pr Prandtl number

R tip radius

Re Reynolds number

§f surface normal vector of cell face f shown in Fig. 1(b)
T temperature

T melting temperature

T initial temperature of undercooled liquid
t time

U dimensionless flow intensity

u dimensionless temperature

Ve tip velocity

v dimensionless velocity

AV finite volume

Wy interface thickness

AX: minimum cell size
dimensionless supercooling

Greek symbols

o thermal diffusivity

€ anisotropic strength

K tip curvature

p melt density

\J kinematic viscosity

o selection parameter

¢ phase-field variable

é interface-diffusion length

To atomic movement

A coupling constant

) conservation variable

Superscript

* dimensionless variables

Subscripts

00 far from the interface

f at the face

P at the cell center

Nb at the neighbor center

computational domain needs to be large enough to avoid the
boundary effect. To overcome this, an adaptive grid, with dynamic
mesh refining and coarsening, during simulation is required for an
efficient simulation.

For 2D adaptive phase filed simulation, some progress has been
made by Provotas et al. [10] for diffusive growth and Lan et al. [11]
for convective growth. The use of a large domain, Lan et al. [12]
have simulated the dendritic growth under a forced flow with var-
ious supercoolings. Good agreement with Oseen-Ivantsov solution
has been obtained, if the global tip radius is adopted. Recently,
Jeong et al. [13-14] have developed a 3D adaptive parallel finite-
element code to simulate the solidification of pure materials in a
forced flow. The simulated result for low supercoolings was consis-
tent with experimental results [15], but the growth did not reach
the steady state. Lu et al. [16] have also simulated the 3D dendritic
growth under forced convection, but using a two-mesh approach
based on finite difference. Their results are in good agreement with
the classic solution for the case of no convection. Although some
scattered 3D results have been reported, the one-to-one compari-
son with 2D simulation has not yet been reported. The growth
characteristics of a 3D dendrite in a forced flow have not yet well
discussed, and the comparison with 2D cases should provide a dee-
per insight into the 3D heat flow structure and its effect on the
dendritic growth.

In this paper, we present 2D and 3D adaptive phase field simu-
lation using an efficient finite volume method. In addition to the
comparison with previous simulations, which are based on differ-
ent methods, and classic solutions, the simulation at low superco-
oling is carried out for the comparison with the experimental
result. Because of the large thermal and flow boundary layers at
low supercooling during experiments, an extremely large domain
is required for simulation. Finally, the morphology of 2D and 3D
dendritic growth under a forced flow is compared, and then dis-
cussed based their flow and thermal fields. In the following section,
we shall briefly describe the phase-field model, and then the

adaptive finite volume method in Section 3. Section 4 is devoted
to results and discussion, followed by short conclusions in
Section 5.

2. Mathematical formulation

To simulate a dendrite in a supercooled melt with a forced flow
in the x-direction from the upwind direction, the phase field model
proposed by Karma and Rappel [5,7] is adopted here. Their model
greatly relaxes the stringent requirement on the interface thick-
ness, and is thus very suitable for numerical simulation. The phase
field variable ¢ is set to 1 in the solid, —1 in the melt, and O at the
interface. The time t is rescaled by 7o, which characterizes the
atomic movement, and the length is rescaled by wy, which charac-
terizes the interface thickness, and the velocity V is recalled by wy/
7o. The temperature T is rescaled to u = Cy(T — T,,,)/4H. Beside the
temperature, the dimensionless variables are denoted with an
asterisk superscript unless otherwise stated. Then, the phase field
equation can be written as the following:

2.1. Equation of phase-field

@m 9~ g~ iu(1 - )1 - ¢>+? [a2n)9°9]
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where as(n) = (1 — 3¢) [1 — %
unit normal vector at the interface, D* is the dimensionless thermal
diffusivity (D* = ato/w2, where o is the thermal diffusivity), and &4

s(nd 4+ ny + n4)] and 1 = ;2 nis the
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the anisotropic intensity. In the above formulation, as discussed by
Karma and Rappel [5], the kinetic effect can be neglected and this is
realistic for low supercoolings. More importantly, the coupling con-
stant /£ and 7o need to be carefully chosen according the thin-inter-
face requirement [6].

Furthermore, the dimensionless continuity, energy and
momentum equations can be derived, respectively, according Bec-
kermann et al. [17] as the following:

2.2. Equation of continuity
VeV =0 (2)

2.3. Energy equation

ou  NTxq, Y NT*2 1 8(7)

8t*+v NV u=D Vs o (3)
2.4. Momentum equation

0‘7* VR * 52\ J* % D* —>d

SV =D PV - O, 4)
where mf = w is the interfacial stress [17]. Pr=%/a is

the Prandtl number, where v is the kinematic viscosity, and P* the
dimensionless pressure rescaled by pw2/t3, where p is the melt
density; here, the melt and solid densities are assumed to be the
same. In this study, we mainly focus on the dendritic growth in a
uniform forced flow in the x-direction. In order to compare with
the classic theory and previous calculations, the buoyancy convec-
tion due to gravity is neglected, even though it can be added easily
in the source term of the momentum equation. The boundary con-
ditions are straightforward for the above equations in the present
simulation. The far field temperature is set at the supercooling,
i.e., u=—4, and the velocity is determined by the stress-free condi-
tion (in the y and z directions). The inlet velocity is given to be U* in
the x direction, i.e., V: = V* . &, = U", where &, the unit vector in the
x-direction, and the outflow boundary condition is set by the overall
mass balance, assuming that the melt is incompressible.

3. Adaptive finite volume method

The above dimensionless equations and the associated bound-
ary conditions are solved by an adaptive finite volume method.
The numerical scheme is very similar to the 2D one we reported
before [11-12]. To save space, the scheme is briefly described here.
The adaptive finite volume method is first to divide the computa-
tional space into a number of finite volumes at grid level 0, i.e., the
coarsest mesh. Then, with the need of computation, each volume
(the parent cell) can be subdivided into eight (4 for a 2D cell) con-
trol volumes (kid cells), defined as the level-1 cells. The mesh
refinement can continue by adding more levels to the mesh.
Fig. 1(a) shows three meshes at different simulation times. As
shown, with the growth of the dendrite, the adaptive mesh refine-
ment (AMR) continues according to the microstructures. On the
other hand, for the region losing the physical features, the cells
are coarsened to the lower grid level. Constructing the data struc-
ture is straightforward by using pointers and derived data types of
FORTRAN90. A detailed description of the adaptive data structure
and a simple program can be found elsewhere [18].

With the Cartesian finite volume having a number of adjacent
cells, as shown in Fig. 1(b), the discrete conservation of a physical

quantity for each cell can be derived. First of all, all the previous
conservation equations can be written with the following form:

8(p = IS
a - (byV
where ¢ represents the conservation variable and the correspond-
ing coefficients are summarized in Table 1. Then, for a control cell,
with an arbitrary number of neighbors, the finite volume method is
to integrate the conservation equation over the finite volume AV.
After Gauss theorem is applied, for a cell P shown in Fig. 1(b), the
flux balance can be written as

(I'yV ) + ByAV, (5)

p)
( af) AV+Zb¢(pfvf sf_Zr%quﬁB AV, (6)

where P denotes the nodal point at the cell center and f is the
mid-location number of the cell face, and S; is the surface normal
vector of the face f as shown in Fig. 1(b). The number of faces Ny
of each cell can be arbitrary, depending on the refinement or
coarsening. The calculation of any variables at the cell face is sim-
plified by distance-weighted interpolation. The main difference in
the discretization between AMR and uniform mesh is in the dif-
fusion term, because the normal flux at the face of AMR can
not be calculated directly like it in uniform mesh. It comes from
that the connector of the P and N, may not be normal to the cell
face. Care also should be taken for the adaptive mesh in the finite
volume method, because the vertex points should be avoided for
coding simplicity. To do so, the approximation proposed by
Mathur and Murthy [19] is adopted. The flux term can be rewrit-

ten as
(e, (ﬁf—esf Sf) )

S0 8 10} ) S-S,
v(p ;= Pnp — Pp Of " Of z
f

Lony  S;-&

where é; is a unit vector shown in Fig. 1(b).

Further approximation for the time derivative is necessary
and the implicit Euler scheme is adopted. Although a higher-or-
der scheme can be used, it needs more memory and computa-
tion at each time step. Moreover, in the simulation of dendritic
growth, the refined zone is very thin. Hence, the time step is re-
stricted by the amount of interface movement such that the
advancement of the new interface needs to be inside the refined
zone. Therefore, since time step is small, the first-order Euler
scheme is adequate. After assembling the flux balance equations
for all cells and imposing the boundary conditions for the
boundary cells, one can solve the nonlinear algebraic equations
for each time step easily. Due to the incompressibility of the
melt, the pressure does not appear explicitly in the equation of
continuity. To prevent the checkerboard pressure oscillation,
the SIMPLE [20] scheme and the momentum interpolation [21]
are further adopted. In addition, the Gauss-Siedel method is
used in the inner iterations for solving the linearized equations
for all variables.

4. Results and discussion

Because 3D simulation results are quite limited in the litera-
tures, it is important to make sure that our simulations are correct.
Therefore, benchmarking with classic solutions and previous re-
sults is necessary. The simulation results for discussion are divided
into three parts: (1) the comparison with classic solutions and
experimental result for low supercooling; (2) the effect of flow
on the dendrite morphology and compared with previous simula-
tion results; (3) the comparison of 2D and 3D morphologies. The
minimum cell sizes Ax;,;,, = 0.4 and 0.8 are used, respectively, for
2D and 3D simulations.
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Fig. 1. (a) AMR meshes at different growth times; (b) a schematic finite volume cell for finite volume approximation.
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4.1. Comparison with classic solutions and experimental results

To valid the simulation, the comparisons with Ivantsov and
Oseen-Ivantsov solutions are considered. The growth Peclet num-
ber P.=V;R/(2a:) and the flow Peclet number Py=UR/(20) are de-
fined based on the tip speed V; and radius R. Because the
interfacial tension is considered in the simulation, the local tip ra-
dius is not suitable for the comparison with the Ivantsov solution.
Instead, the overall tip radius is used by taking a larger portion
(about one third) of the dendrite arm into consideration. A
fourth-order polynomial is used for fitting the dendrite tip, i.e.,
y(x)=ax*+bx* +c, where the tip curvature x(x)=[y"|/(1+y>?)
and R = 1/x. A sample of fitting result is shown in Fig. 2. As shown,
a nice fit is obtained, except very near the dendrite tip, where the
shape is affected by the interfacial tension. The 2D and 3D Ivantsov
solutions for diffusive growth are available, respectively, as the
following:

< p—t
A = /P, exp(P,) /P e—ﬁdt for 2D @)
o0 p—t
A= P.exp(P,) / ert for 3D 9)
PC

With a forced flow, only a 2D solution is available, which is de-
rived by Bouissou and Pelce [4]. The 2D Oseen-Ivantsov solution
can be obtained from the following equation:

20
18
16
14

+ PEM
— 4th order fitting

s ! s

1 s s

25 200 <15 <10 -5 0 5 10 15 20 25

Fig. 2. Fourth-order polynomial fitting of the dendrite tip shape obtained by the
phase field model (PFM).
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A =P.exp(P. — Py)
[ emrnite SOV =} g )

Vi
where
0 = VCerfc(\/Rel/2) + /2] (nRe)[exp(—Re/2) — exp(—Re(/2)]
g = erfc(+/Re/2)

(11)

In the above equation, the Reynolds number Re is defined as
Re = UR/v, where v is the kinematic viscosity. The above equations
can be easily solved by standard numerical methods with care; the
numerical integration needs special attention.

The simulation results and the analytical solutions for 4 = 0.55,
using P, vs Py, are put together in Fig. 3 for comparison. As shown,
for the 2D cases, the simulation result is in good agreement with
the Oseen-Ivantsov solution. In fact, they are also in good agree-
ment with the previous simulation by Tong et al. [22] and Lan
et al. [11] (using a different computer code). For the 3D case, no
analytical solution is available for the case with a forced flow. Nev-
ertheless, for the diffusive growth (no flow), the calculated 3D Pec-
let number is 0.7943, which is very close to the analytical one
being 0.7878; the error is 0.81%.

The previous simulations are performed for high supercooling
at 4 =0.55. However, at high supercooling, the dendritic growth
is too fast to be observed in the experiments; the crystal growth
is hard to control as well. For a well controlled experiment, low
supercooling is necessary. However, at low supercooling, the den-
drite grows much slower, so that the thermal and flow boundary
layers can develop significantly and become much bigger. There-
fore, for a well controlled experiment, the domain needs to be large
enough. Similarly, it is also true for simulation. An extremely large
domain is required for simulation, and this remains a great chal-
lenge in computation. The adaptive mesh refinement is powerful
in dealing this kind of problem. Jeong et al. [14] made the first at-
tempt to compare their simulated result with the succinonitrile
(SCN) experiments by Huang and Glicksman [15]. Here, we also
compare our simulation for low supercooling (at small anisotropy)
with the experimental observations. In order to compare with the
SCN experiment, the anisotropy is set to be 0.0055 and the super-
cooling 4 =0.04, which corresponds to about 1°C supercooling in

1.6
*

14

1.2 *
5 — 2D Oseen-Ivantsov solution
'g 1 * A 2D simulation
a [J 3D Ivantsov solution
ko] # 3D simulation
g 03[
[a W)
S
z 0.6
S
) A

0.4

0.2

0 } } } } }
0 1 2 3 4 5 6

Flow Peclet number

Fig. 3. Comparison of 2D and 3D growth Peclet numbers as a function of the flow
Peclet number; 4 =0.55.

the experiment. At such a low supercooling, D*=116 is used and
the result is shown in Table 2 for comparison. As shown, the result
is comparable to the experimental observation and the reported
results by Jeong et al. [14]. The difference in the tip velocity and ra-
dius are less than 30%.

4.2. Effects of forced flow

The effect of forced flow on the 3D dendrite growth was inves-
tigated recently by Jeong et al. [13-14] and Lu et al. [16] using an
adaptive finite element method and a two-grid finite difference
method, respectively. In order to compare their results, two differ-
ent cell sizes, 0.6 and 0.8, are considered in our finite volume meth-
od. The calculated tip velocity and the local tip radius for 4 = 0.55
and ¢ =0.05 are compared with previous ones and summarized in
Table 3 for diffusive growth first. As shown, the difference with the
previous results in the tip velocity is less than 10%. Bigger differ-
ence is found for the local tip radius. Because the calculation error
for the second derivative is usually large, such a difference for dif-
ferent numerical methods is believed to be reasonable. On the
other hand, our comparison with the Ivantsov solution, as shown
Fig. 3, is quite good using the global tip radius.

Then, we can examine the effect of flow strength on the den-
drite morphology. The simulated cross sections of the morpholo-
gies for U* =0 and 1 are shown in Fig. 4; the simulation result by
Jeong et al. [13-14] is put together for comparison; 4 =0.55,
¢=0.05, Pr=23.1. As shown, they are in good agreement. Some cal-
culated values are summarized in Table 4, and the agreement is
good as well. As shown in Fig. 4, the upstream growth is enhanced
by the flow, while the downstream tip growth is suppressed by the
flow. The overall morphologies at different flow strengths are fur-
ther illustrated in Fig. 5 for the same supercooling; flow enters
from the left with U* =0, 1, 2, 4 for (a), (b), (¢), and (d), respectively.
Indeed, with a stronger external flow field, the larger temperature
gradients at the upstream are caused by the convective heat flow.
This makes the upstream tip grows faster. Furthermore, from the
2D Oseen-Ivantsov solution, the growth Peclet number increases
with the flow Peclet number, as shown in Fig. 3, and the 3D growth
Peclet number shows a similar trend. The tip’s V.R product in-
creases with the flow intensity U*.

Again, at the downstream, the heat transfer was suppressed by
the flow. Hence, the growth speed decreases with the flow inten-
sity. It is clear that the downstream growth rate for U* = 4 is much
slower than that for U* = 1. Table 5 summarizes the tip speeds and
tip radii under different flow intensities. The streamlines and the
dendrite morphology at U* = 4 are further illustrated in Fig. 6. As

Table 2
Compared with experiment of SCN, 4 = 0.04, ¢ = 0.0055, D* = 116.

V; (cm/s) R (cm) Pe a
Present 0.0209 141 x 1073 0.0132 0.0139
Jeong et al. [14] 0.02589 0.97 x 1073 0.01126 0.0236
Experiment [15] 0.0170 120 x 1073 0.0091 0.0238

Table 3
Calculated tip velocity, radius, Peclet number, and scaling parameter for the case of no
convection; 4 =0.55, ¢ =0.05, and D* = 4; the morphology is shown Fig. 4.

Jeong et al. [13] Lu et al. [16] Present Present
AX:nin = 08 AX:nin = 08 AX;ﬂn = 08 Ax:nil’l = 06

Ve 0.915 0.883 0.835 0.88

R* 2.905 3.002 4.33 3.77

P. 0.332 0.332 0.452 0415
0.144 0.139 0.071 0.089
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——— Present Ax"__=0.6

Jeong et al.[13]

Vil g

x*

Fig. 4. Comparison of the simulated morphologies with the results by Jeong et al.
[13]; red: conduction only (U*=0); blue: with convection (U*=1); 4 =0.55. (For

interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this paper.)

Table 4
Calculated tip velocity and radius under a forced flow (U*=1 and t* = 100); 4 = 0.55,
£=0.05, D+ =4, and Pr = 23.1; the morphology is shown Fig. 4.

Jeong et al. [13] Luetal. [16] Present Present
AX:, = 0.8 AX; =08  Ax, —08 Ax, —06
V; (upstream) 1.038 0.9697 0.92 0.98
V; (downstream) 0.8 0.65 0.69
R* (upstream) 3.5 3.739 5.0 43
R* (downstream)  2.41 3.7 3.2

shown, with the convective flow, more side branches are induced
and grow toward the upstream; the side branches grow from the
side arms. On the other hand, no side branch is induced in the
downstream. The side branching induced in 2D cases as discussed
in Lan et al. [11-12] is perpendicular to the flow direction and they
are induced from the upstream arm; no side branches appear in
the side arms. Nevertheless, the side branches appear from the side
arms in our simulation is consistent with the simulated result by
Jeong et al. [13].

Table 5
The effect of flow intensity U on the tip velocity and radius (Ax;,, = 0.8); 4 =0.55,
£=0.05, D*=4, and Pr=23.1.

Ux=1 Ux=2 Us=4
V: #(upstream) 0.92 1.0 1.1
V; ®(downstream) 0.65 0.44 0.14
R+ (upstream) 5.0 5.6 7.1
R+ (downstream) 3.7 3.5 Not steady

4.3. Comparison of 2D and 3D growth morphologies in the forced flow

So far, we have made extensive comparison with the classic
solutions and previous simulations. However, there is no report
for the one-to-one comparison of 2D and 3D growth morphologies
and heat flow structures. The effect of the flow on the 2D and 3D
growth Peclet numbers has been shown in Fig. 3. As shown in
Fig. 3, even without the flow, the 3D growth Peclect number is sev-
eral times of the 2D one. With the external flow, the trend remains
about the same. However, for the 2D case, the deviation of the sim-
ulated growth Peclet number from the analytical one (the Oseen-
Ivantsov solution) increases with the increasing flow Peclet num-
ber. This is due to the effect of side arm and side branches, so that
the flow and thermal fields near the upstream tip start to depart
from the parabolic shape. Similar is true for 3D cases.

A=0.55

i

U'=4

\

\

i

Fig. 6. Flow streamlines and morphology at Ux = 4.

S T T

N
N
il

Fig. 5. The effect of flow intensity on the 3D dendrite morphology: (a) U =0; (b) U*=1; (c) Ux=2; (d) Ux=4.
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For U* = 4 and 4 = 0.55, the cross section of the 2D and 3D mor-
phologies are put together for comparison in Fig. 7(a). As shown,
beside the bigger dendrite, more side branches from the transver-
sal arms are induced in the upstream side for the 3D dendrite.
However, the 2D side arms remain smooth. The slightly wavy back
side also appears in the 3D dendrite, and its growth speed is lower
than the 2D one. The flow streamlines of 2D and 3D near the back
side are further highlighted in Fig. 7(b) and (c), respectively. As
shown, even though the flow behind the crystal is very weak, the
2D and 3D flow patterns are very different. In the 2D flow, not
all the fluid behind the downstream crystal flows away the crystal.
A small part of the flow near the tail forms vortices. However, in
the 3D flow field, no vortex is form.

Beside the flow field, as shown in Fig. 7(d) and (e), the 2D and
3D thermal fields are also quite different. Near the upstream, the
3D temperature contours are much denser than 2D ones indicating
much higher thermal gradients near the upstream arms. Since the
fluid flows near the dendrite in the 2D dendrite must pass through

C.C. Chen et al./International Journal of Heat and Mass Transfer 52 (2009) 1158-1166

the dendrite completely, the fluid near the transverse arm always
comes from the upstream arm. It means that the fluid near the
transverse arms is warmer due to the released heat of fusion dur-
ing solidification, and thus having smaller temperature gradients.
The 2D temperature contours show the largest temperature gradi-
ents appear at the upstream tip, and the temperature gradients de-
crease along the streamline around the crystal. On the contrary, the
3D temperature contours are always denser alone the crystal at the
upstream. This is because the fluid near the transverse arm comes
from the upstream directly. The flow comes to the dendrite tip can
go either in the y direction or the z direction. Hence, the growth of
the transverse arm is less affected by the melt flow from the up-
stream arm. This kind of temperature fields also make the side
branches of the transverse arms to grow about as fast as the up-
stream arm.

The most significant difference of 2D and 3D morphologies in a
forced flow is the side branches. In 2D simulations [11,12], the side
branches which are perpendicular to the flow appear from the up-

Red : 3D simulation

Blue : 2D simulation

Fig. 7. Comparison of 2D and 3D heat flow and morphologies for U = 4: (a) 2D and 3D morphologies under forced convection; (b) 2D downstream flow (c) 3D downstream

flow (z* = 0) (d) 2D thermal field (e) 3D thermal field (z* = 0).
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b

Fig. 8. Effect of forced flow on the morphology for 4 =0.01: (a) U*=0; (b) U*=64.

stream arm directly. The warmer fluid in the front of the transverse
arm, which is always coming from the upstream arm, suppresses
the growth of the side branches. However, in 3D, the side branches
appear from the transversal arms are parallel to the flow. Jeong
et al. [13] also obtained a similar result. As shown in Fig. 6, accord-
ing to the streamlines, the cold fluid from the inlet boundary flows
to the transversal arm directly. Therefore, it is anticipated that the
side branches from the transversal arms are easily induced by the
upstream flow.

We have also conducted the simulation for low supercooling at
A =0.01. The simulated morphologies for diffusive and convective
growths are shown in Fig. 8(a) and 8(b), respectively; U* = 64 for
Fig. 8(b) is needed for a significant flow contribution on the mor-
phology. As shown, the side branching induced by the flow appears
along the upstream arm, and some at the upstream side of the
transversal arm. This is consistent with the previous experimental
observations [23], which were conducted at low undercoolings,
and is also similar to the previous 2D results [11,12]. Again, this
could be explained by the convective thermal boundary layer as
well. At low undercooling, the thermal boundary layer becomes
much thicker, and with the current flow structure, the forced flow
significantly reduces the thermal boundary layer along the primary
arm and the upstream side of the transversal arms. As a result, the
side branches are easily induced there.

Therefore, based on the present comparison, care must be taken
in using 2D simulations to interpret the real 3D experimental re-
sults. Significant difference due to the heat flow can be anticipated,
and this is due to the fundamental difference in the flow structure;
the 3D flow has more degree of freedoms as a result of the third
dimension for the heat flow.

5. Conclusion

2D and 3D adaptive phase field simulations using a finite vol-
ume method are carried out for a dendritic growth in a forced flow.
The simulated results have compared with the available classic
solutions and simulated results, and good agreement is found.
The effect of flow on the tip speed and radius, as well as the crystal
morphology is investigated, and again they are consistent with the
reported simulations and experiments. For the same flow intensity,
the effect of flow on 2D and 3D morphologies are also discussed. It
is found that the side branches can be easily induced from the
transversal arms in the 3D crystal. Apparently, the fundamental
difference in the 2D and 3D flow structures is the cause for such
different growth morphologies. The 2D and 3D temperature fields
near the upstream side of the crystal are also quite different. The
thermal gradients remain about the same along the upstream sur-
face of the 3D crystal, while they drop quickly along the 2D crystal

as a result of the convective heat transport and the release of heat
of fusion. The warmer surrounding in 2D along the transverse arms
thus suppresses the growth of side branches from there. On the
other hand, the direct cold fluid from the upstream induces side
branches from the transversal arms for the 3D crystal. For the case
with low undercooling, due to the much thicker thermal boundary
layer, the side branching appears along the upstream arm and
some on the upstream side of the transverse arms. This is consis-
tent with the experimental observations.
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